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The problem of controlling processes with a wide range of operating conditions is
addressed. The process dynamics is represented by the weighted-sum of the linear model
by using model ®alidity functions. By treating the ®alidity functions as uncertainties in

( )the system, an internal model control IMC design strategy is de®eloped for a particular
class of nonlinear systems. Robust stability analysis under mixed time-®arying and time-
in®ariant uncertainties is presented. Simulation results confirm that the proposed IMC
design method is indeed superior to its con®entional counterpart.

Introduction

Traditionally, model-based control strategies for chemical
processes are to design a linear controller based on the lin-
earized model. For open-loop stable systems, internal model

Ž .control IMC provides a convenient parametrization of all
Ž .stabilizing controllers Morari and Zafiriou, 1989 . In fact,

under the perfect model assumption, closed-loop stability be-
comes a trivial task using the design of a stable IMC con-
troller. When the plantrmodel mismatch occurs, an IMC fil-
ter can be used to make a compromise between the robust-
ness and performance requirement. Although most chemical
processes are nonlinear in nature, the IMC controller is able
to perform satisfactorily as long as the plant is operated in
the vicinity of the point where the linearization is generated.
When the plant is to be operated over a wide range of oper-
ating conditions, as a consequence of large setpoint changes
andror the presence of disturbances, the H` robust control
framework can be employed to design an IMC controller. One
possible way is to treat the local model of one operating point
as the nominal model and those in the rest of operating re-
gion as the perturbed models. Consequently, a robust IMC
design can be obtained if the corresponding H` design crite-

Ž .rion can be met Morari and Zafiriou, 1989 . However, due
to the worst-case design concept employed in the H` design,
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the resultant IMC controller can be conservative and is not
able to achieve the desired performance in the operating re-
gion considered.

The objective of this article is to propose a novel IMC de-
sign to address this control problem. To do so, the concept of
operating region decomposition is applied to decompose a

Ždynamic system into a set of operating regimes Takagi and
Sugeno, 1985; Pottmann et al., 1993; Johansen and Foss, 1993,
1997; Feng et al., 1996; Banerjee et al., 1997; Palizban et al.,

.1997 In addition, various functions were employed in these
works to calculate the model validity function, which is asso-
ciated with each of the local models. It is then assumed that
the weighted-sum of the local models using the model valid-
ity function can describe the dynamics of a certain class of
nonlinear systems. This modeling approach is commonly
termed local model networks or multiple model in the litera-
ture.

In this article, the particular structure of local model se-
lected is the transfer-function model, which can be obtained
from either linearization of first-principles model or identifi-
cation from available input]output data. Under perfect-
model assumption, the global multiple model is employed to
represent the actual process dynamics in the IMC structure,
and the main goal of this article is to analyze the associated
nominal performance in the H` control framework. It is
shown that the model validity functions can be treated as
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time-varying uncertainties, and the resulting robust control
problem is solved by employing the structured singular value
test for mixed time-varying and time-invariant perturbations
Ž .Paganini, 1996 . A continuous stirred-tank reactor and a fer-
mentor are used to illustrate the proposed IMC design
method, and a comparison with the conventional IMC design
is made.

Global Multiple Model
In system identification, it may be possible to model accu-

rately the process dynamics over the entire range of operat-
ing conditions using a single highly nonlinear model. How-
ever, nonlinear model building is a cumbersome task. Be-
sides, it will most likely complicate the subsequent controller
design. Thus, this modeling approach is not an attractive al-
ternative. A promising approach is to decompose the system’s
operating space G into n operating regimes G , which coveri
the relevant range of operations. Subsequently, simple local
model structures are developed for each regime and the global
multiple model is formed by connecting the set of local mod-
els by model validity function.

Several local model structures, including state-space model
Ž .Feng et al., 1996; Banerjee et al., 1997 , polynomial model
Ž .Takagi and Sugeno, 1985; Pottmann et al., 1993 , ARX model
Ž . ŽJohansen and Foss, 1997 , and ARMAX model Johansen

.and Foss, 1993; Palizban et al., 1997 , have been employed in
previous studies on modeling using the multiple model. In
this article, a transfer-function model is used to describe the
process dynamics in each operating regime G . For a single-i

Ž .input]single-output SISO stable nonlinear process, the ith
local model has the following form:

Y s sG s ?U s , 1Ž . Ž . Ž . Ž .i i

Ž . Ž .where Y s and U s are the Laplace transform of the outputi
Ž .and input variable, respectively, and G s is the transfer-i

function model.
For each local model there exists a weighting function to

validate the local model. The value of the model validity
function g depends on states, inputs and outputs of the pro-i
cess, and is bounded between zero and one. Generally, its
value is close to one for the operating regime where the local

Ž .model G s is a good description of the system; otherwise iti
is close to zero. Regardless of various algorithms used to cal-
culate g , it has the following property:i

n

g s1. 2Ž .Ý i
is1

Thus, the global multiple model is represented as

n

Y s s g Y s sG g ?U s , 3Ž . Ž . Ž . Ž . Ž .Ý i i
is1

Ž .where g s g , g , . . . , g and1 2 n

n

G g s g G s . 4Ž . Ž . Ž .Ý i i
is1

It is clear that the global model is a weighted sum of the local
models and there is at least one nonzero model validity func-
tion at any operating point.

In what follows, the advantage of using Eq. 4 in modeling a
dynamic system with a range of operating points is analyzed.
Specifically, it will be shown that for a given set of local mod-
els, the uncertainty modeling used in the H` control frame-
work admits a larger class of possible plants.

In the H` control design, the common practice is to choose
one local model as the nominal model denoted by G , andM
the information on the rest of local models can be used to
determine the uncertainty weighting function, without loss of
generality, in multiplicative uncertainty description:

< <� 4GsG 1q l D , Gg G , G , . . . , G , D -1, ;v .Ž .M 1 I 1 2 n I

5Ž .

For comparison, the global multiple model is also put in the
uncertainty description from

< <G g sG 1q l D , D -1, ;v . 6Ž . Ž .Ž .M 2 I I

The following theorem summarizes the overbounding re-
sult of Eq. 5.

Theorem 1. Given a set of local models of a dynamic sys-
tem operated over a range of operating conditions and two
uncertainty descriptions given in Eqs. 5 and 6, the following
relation holds:

< < < <l F l ;v . 7Ž .2 1

Proof. See Appendix A.
The implication of Theorem 1 is that a conservative con-

troller design may result from the overbounding effect of Eq.
5. As a result, the control system cannot achieve the desired
performance in the entire operating space considered, as will
be demonstrated in the following examples.

H` Analysis of IMC Control Structure Using
Multiple Models

In this section, an analytical framework will be devised for
the H` control of IMC structure where the actual process is
represented by the global model of Eq. 4. Figure 1 depicts
this IMC structure, where G can be any one of the localM
models and is the nominal model used in the design of con-

Figure 1. Multiple-model-based IMC structure.
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Figure 2. Multiple-model-based IMC structure with H`

performance specification.

ventional IMC controller Q as follows:

1 1
Qs ? , 8Ž .r Ge sq1Ž . My

where G is the minimum phase of G ; e is the IMC filterM My

time constant, which can be adjusted to satisfy the perfor-
mance requirement; and r the order of the IMC filter.

We are now ready to analyze the H` performance of this
Ž .IMC system. Because of Eq. 2, the expression of G g cani

be rewritten as

n n

G g sG q g G yG sG q g DG . 9Ž . Ž .Ž .Ý Ý1 i i 1 1 i i
is 2 is 2

Next, the validity function g is treated as an uncertainty,i
since g can be rewritten asi

< <g s0.5 1qD , D F1 is1, 2, . . . , n. 10Ž .Ž .i i i

Using the two preceding equations, Figure 1 is easily con-
verted to Figure 2, where the additional D block representsp
H` performance requirement and W is the performancep
weighting function. By simply reorganizing the diagram and
collecting all of the perturbations together, we end up with
the diagram in Figure 3, with

1
Ms n

1q G yG q0.5 DG QÝ1 M iž /
2

y0.5DG Q y0.5DG Q ??? ??? y0.5DG Q2 2 2

y0.5DG Q y0.5DG Q ??? ??? y0.5DG Q3 3 3. . . . .. . . . .= . . . . .
y0.5DG Q y0.5DG Q ??? ??? y0.5DG Qn n n

1yG Q W 1yG Q W ??? ??? 1yG Q WŽ . Ž . Ž .M p M p M p

11Ž .

D2
. . .

Ds , IDI F1. 12Ž .`Dn

D p

The derivation of the preceding equations is given in Ap-
pendix B.

As just mentioned, the local models are interpolated by
model validity functions to form the global multiple model.
Since the value of g is dependent on the system dynamics, iti
is clear that perturbation D is time-varying in nature. Thus,i
the robust control problem shown in Figure 3 is to design an
IMC controller Q such that for all allowable linear time-vary-

Ž .ing LTV perturbations D, the closed-loop system is stable.
Note that Figure 3 is the standard setup for robust stability
and performance analysis under structured uncertainty D,
which has received a tremendous amount of research interest
in the past two decades. When D contains only linear time-

Ž . Ž .invariant LTI perturbation, Doyle 1982 developed a nec-
essary and sufficient condition in terms of the structured sin-
gular value m. However, if the block D includes some LTV
perturbations, the conventional m analysis may not give accu-

Ž .rate results Packard and Doyle, 1993 . Recently, robustness
analysis under LTV uncertainty has seen major progress
Ž .Shamma, 1994; Poola and Tikku, 1995; Paganini, 1996 . In

Ž .our view, the most interesting work is done by Paganini 1996 ,
who proposed a m test based on a finite augmentation of the
original MyD structure as the necessary and sufficient con-
dition for robustness analysis under structured uncertainties
involving a combination of LTI and LTV uncertainties. To
apply these results in our analysis, an augmented structure of
the complex uncertainties is defined as follows:

D̃s D , 13Ž .i j i , js1,2, . . . , ny1

where the diagonal entries are obtained simply by consider-
ing n copies of D. This means that D has the identicalii

Figure 3. Interconnection structure.
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structure of D, that is,

< <w xD sdiag d , d F1, is1,2, . . . , ny1,ii k k

ks1, 2, . . . , n. 14Ž .

In a similar fashion, the off-diagonal uncertainty D hasi j
the following structure

d1

d2
. .D s , i , js1,2, . . . , ny1,i j .

dny1

0

i/ j. 15Ž .

˜Obviously, the structure of D is ny1 times as large as the
original D. The advantage of this augmentation, however, is
to convert the original problem to one with LTI perturba-

Ž .tions where the standard m computation of Doyle 1982 can
be applied straightforwardly. Having defined the uncertainty
D̃, the following theorem gives the IMC design criterion for a
dynamic system, which can be described by the multiple model
given in Eq. 4. The proof of the next theorem follows closely

Ž .to that given in Paganini 1996 and thus is omitted here.
Theorem 2. Assume that the matrix M in Figure 3 is sta-

ble. The uncertain system in this diagram is robustly stable
under mixed LTI and LTV uncertainties D if and only if

˜max m M v , . . . ,v -1,Ž .Ž .D̃ 1 ny1
v , . . . , v1 ny1

wv , . . . , v g 0 ` , 16Ž ..1 ny1

where

M̃ v , . . . , vŽ .1 ny1

M jvŽ .1

M jvŽ .2
s . 17. Ž .. .

M jvŽ .ny1

˜Note that the structure of D in Eq. 13 is not in block-diag-
onal form, which is assumed in the standard m computation.
However, Eq. 16 can be easily rearranged into a standard m
problem as given in the next result.

Corollary 1. Assume that the matrix M in Figure 3 is sta-
ble. The uncertain system in this diagram is robustly stable
under mixed LTI and LTV uncertainties D if and only if

˜Umax m RM v , . . . , v L -1,Ž .D 1 ny1
v , . . . , v1 ny1

wv , . . . , v g 0 ` , 18. Ž .1 ny1

where the diagonal perturbation DU is obtained by using two
permutation matrices L and R as follows

˜ 2 2 2Ds L ?diag d I d I ???d I d I1 Žny1. 2 Žny1. ny1 Žny1. n ny1

? Rs LDUR , 19Ž .

where I denotes a k =k identity matrix.k

Note that Eq. 18 is an n-dimensional complex m computa-
tion with repeated scalar uncertainties. Furthermore, the di-

˜mension of the matrix RML grows rapidly with the number
of local models employed to form the global multiple model,

Ž .Ž 2 . Ž .that is, ny1 n y2nq2 . Coupled with the fact that ny1
frequency values are required in m computation, Eq. 18 is
not efficient from a computational point of view. Neverthe-
less, the results given in Theorem 2 and Corollary 1 have
given us insight on the performance limitation of the IMC
system given in Figure 2. In the next section, we will study a
computationally efficient controller design method that origi-
nates from Corollary 1, yet offers a less conservative design
method than Corollary 1.

Practical Controller Design Method
In this section we will examine closely the condition used

in the description of the perturbation, D . As a result of thisi
analysis, a controller design method that is more practical
and applicable to a wider range of systems can be developed.
Recall that the m condition in Corollary 1 considers all possi-
ble combinations of perturbations whose magnitudes are not
larger than one. This, however, is not the case considering
the fact that the summation of all model validity functions is
equal to one as given by Eq. 2. Thus, it is impossible for the
values of all validity functions to approach zero simultane-
ously, or the values of D are not equal to y1 at the samei

Žtime. Likewise, the values of all validity functions or D fori
.that matter cannot reach one simultaneously. Therefore, the

set of uncertainties considered in Corollary 1 is unnecessarily
larger than the actual set specified by Eq. 2, thus leading to a
conservative controller design method. When only two local
models are used in the construction of the global model,
however, Corollary 1 indeed gives a nonconservative design.
This is because only one LTV uncertainty is introduced in
the controller design, as shown in Eq. 12. Thus, from the
point of view of controller design, it is advantageous to have
a global multiple model in the following form:

U U w xg G q 1yg G , if hg G GŽ .° 1 1 1 2 1 2
U U w xg G q 1yg G , if hg G GŽ .2 2 2 3 2 3U ~ . .G g sŽ . . .. .

U U¢ w xg G q 1yg G , if hg G G ,Ž .ny1 ny1 ny1 n ny1 n

20Ž .

U Ž U U U .where g s g , g , . . . , g and h is a measurable vari-1 2 ny1
able that can serve as an index in the partition of the opera-
tion space. Again, the model validity function gU is boundedi
between 0 and 1.
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Figure 4. Continuous stirred-tank reactor.

It can be easily verified that Eq. 20 conforms to the rela-
tion in Eq. 4 and also satisfies the constraint given in Eq. 2.
In other words, the model given in Eq. 20 is essentially a
global multiple model with a distinct feature in that only two
local models are employed to describe system dynamics. Be-
fore we present the controller design method based on the

Ž U.global model G g , in the sequel we compare these two
global multiple models from the point of view of modeling.

For a global multiple model comprising n local models in
the operating space G, intuition suggests that the system dy-
namics at any given operating point in G should be approxi-
mated rather accurately by two bounding adjacent local mod-
els, that is, G and G . To illustrate this point, a continuousi iq1

Ž .stirred-tank reactor CSTR depicted in Figure 4 is consid-
ered. It is assumed that an irreversible, first-order, exother-
mic reaction from component A to component B occurs in
the reactor. The process is described by the following nonlin-

Ž .ear differential equations Lightbody and Irwin, 1995 :

q
yErRTĊ s C yC y k C e 21Ž .Ž .A A f A 0 AV

q
yErRT yk rq3 cṪ s T yT q k C e q k q 1y e T yT ,Ž .Ž . Ž .f 1 A 2 c c fV

22Ž .

where

r CyD Hk hc pc0 A
k s k s k sy ,1 2 3rC rC V r Cp p c pc

where C is the effluent concentration of component A, andA
T is the reactor temperature. The remaining model parame-
ters and the nominal operating conditions are given in Table
1. The output and input variables are C and q , respec-A c
tively.

A global multiple model using three local models is con-
structed first to describe the dynamics of CSTR when the

w xoperating range of C is Gs 0.08 0.12 . These models areA
obtained at three operating points 0.08, 0.1, and 0.12, respec-

Table 1. Nominal CSTR Operating Condition

Product concentration C 0.1 molrLA
Reactor temperature T 438.54 K
Coolant flow rate q 103.41 Lrminc
Process flow rate q 100 Lrmin
Feed concentration C 1 molrLA f
Feed temperature T 350 Kf
Inlet coolant temperature T 350 Kc f
CSTR volume V 100 L

5Heatytransfer term h 7=10 calrminrKA
10 y1Reaction-rate constant k 7.2=10 mino

4Activation-energy term ErR 1=10 K
5Heat of reaction D H y2=10 calrmol

3Liquid densities r, r 1=10 grLc
Specific heats C , C 1 calrgrKP P C

tively:

0.0028
G s0.08: G s 23Ž .1 1 20.0655s q0.3344 sq1

0.0037
G s0.1: G s 24Ž .2 2 20.0913s q0.2439sq1

0.0049
G s0.12: G s . 25Ž .3 3 20.1251s q0.1369sq1

The associated validity functions are given as follows:

G s0.08: g s eyŽCAy0 .08.2r0.008 2
26Ž .1 1

G s0.12: g s eyŽCAy0 .12.2r0.0152
27Ž .3 3

G s0.1: g s1yg yg . 28Ž .2 2 1 3

The values of g are illustrated in Figure 5a. Figure 6 showsi
that, using these validity functions, the global multiple model
can predict the actual process dynamics very well.

Figure 5. Validity functions of two global models.
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Figure 6. Modeling results: solid line—nonlinear model;
dashed line—global model using Eq. 4; dot-
ted line—global model using Eq. 20.

Next, another global multiple model using the following
model validity functions is constructed:

yŽCAy0 .08.2r0.0082 w xe when C g 0.08, 0.1Ag s 29Ž .1 ½ w x0 when C g 0.1, 0.12A

w x0 when C g 0.08, 0.1A
g s 30Ž .2 23 yŽC y0.1. r0.008½ A w x1y e when C g 0.1, 0.12A

w x1yg when C g 0.08 0.11 A
g s 31Ž .2 ½ w x1yg when C g 0.1 0.12 .3 A

Figure 5b gives the values of g in the preceding equations.i
It is clear that by design, g deliberately vanishes in the oper-1

w x wating range 0.1 0.12 , whereas g is zero in the range 0.083
x Ž .0.1 . As a result, only one pair of local models, G , G or1 2

Ž .G , G , is employed to describe the system dynamics at any2 3
operating point in G. This is essentially the global model de-
scribed in Eq. 20. The modeling results of this global multiple
model are shown in Figure 6. It can be seen that the predic-
tions of these two global models are very comparable. Obvi-
ously, the preceding discussion applies to n local model cases
where a much finer partition is used in dividing the operating
space.

Now, we proceed to develop the controller design method
based on the special form of global model given in Eq. 20,
from which the operating space G can be viewed as a union

w xof subspace G G , ori iq1

w xGs G G , 32Ž .D i iq1
is1, . . . , ny1

where two adjacent local models are used to form a global
model for the respective subspace. To solve the control prob-
lem discussed in the previous section, Corollary 1 is applied
repeatedly ny1 times to all subspaces by taking advantage
of the fact that Corollary 1 is the least conservative design
with two local models. In each subspace, the corresponding
design constraint is as follows:

m M -1, is1, 2, . . . , ny1, 33Ž .Ž .D̂ 2, i

where

d1
D̂s

d2

and

1
M s2,i 1q 0.5 G qG yG Qw xŽ .i iq1 M

y0.5 G yG Q y0.5 G yG QŽ . Ž .iq1 i iq1 i
= ,

1yG Q W 1yG Q WŽ . Ž .M p M p

is1, 2, . . . , ny1. 34Ž .

Therefore, the value of e that is a solution for all subspaces
gives a valid IMC design. The following corollary summarizes
this result.

Corollary 2. Suppose the matrix M in Eq. 34 is stable.2,i
The IMC structure in Figure 2 satisfies the H` performance
requirement if and only if m conditions in Eq. 33 are satisfied
simultaneously, that is,

Max m M , m M , . . . , m M -1. 35� 4 Ž .Ž . Ž . Ž .ˆ ˆ ˆD 2,1 D 2,2 D 2,ny1

Figure 7. Robustness test of multi-model-based IMC
design by Corollary 2.
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Figure 8. Robustness test of multiple-model-based IMC
design by Corollary 1.

Examples
Examples 1

The CSTR example discussed earlier is used to demon-
strate the proposed IMC design procedure. The control ob-
jective is to provide a good control of C in the operatingA

w xspace 0.08 0.12 by manipulating q . The IMC controller isc
given by

1 1
Qs ? , 36Ž .2G e sq1Ž .M

where G is the local model at the middle operating pointM
C s0.1 molrL, as given in Eq. 24. The performance weightA
is chosen as

Figure 9. Robustness test of conventional IMC design.

Figure 10. Closed-loop responses to step changes in Tf
at operating point C s0.08: conventionalA

( )IMC design e s0.42 , multiple-model-
( )based design e s0.1 .

7sq1
W s0.25 . 37Ž .p 7s

Corollary 2 is then used to determine the value of e that
guarantees the H` performance requirement. With IMC de-
sign e s0.1, Figure 7 illustrates that the structured singular
value is smaller than one; thus, Eq. 35 holds. In contrast, Eq.
16 is shown in Figure 8 for the same value of e s0.1. Be-
cause the peak value is larger than one, e s0.1 is not recom-
mended by Corollary 1. Therefore, it is clear that Corollary 1
is more conservative than Corollary 2, and thus is not suit-
able in multiple-model-based IMC design.

Figure 11. Closed-loop responses to step changes in Tf
at operating point C s 0.1: conventionalA

( )IMC design e s0.42 , multiple-model-
( )based design e s0.1 .
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Figure 12. Closed-loop responses to step changes in Tf
at operating point C s0.12: conventionalA

( )IMC design e s 0.42 , multiple-
( )model-based design e s0.1 .

For comparison, the conventional IMC design is carried
out to meet the same design requirement. The same IMC
controller in Eq. 36 is used and the corresponding structured
singular value test is shown in Figure 9, with e s0.1 and 0.42.
Clearly, the conventional IMC design fails to design e s0.1
for this example. Figures 10 to 12 compare the regulatory
responses of two controllers when successive step changes in
feed temperature occur at ts5 min from 350 K to 340 K and
at ts20 min from 340 K to 330 K, respectively. Evidently,
the multiple-model-based IMC design outperforms the con-
ventional IMC design at three operating conditions, espe-
cially at the setpoint C s0.12 molrL. The former designA
yields a much less oscillatory response and returns to the set-

Žpoint much faster than the latter design. Similar results Fig-
.ures 13 to 15 are obtained when load disturbance occurs in

C from 1 molrL to 1.02 molrL at ts3 min, and from 1.02A f
molrL to 1.04 molrL at ts15 min.

Figure 13. Closed-loop responses to step changes in
C at operating point C s0.08: conven-Af A

( )tional IMC design e s0.42 , multiple-
( )model-based design e s0.1 .

Figure 14. Closed-loop responses to step changes in
C at operating point C s 0.1: conven-Af A

( )tional IMC design e s0.42 , multiple-
( )model-based design e s0.1 .

Example 2
The proposed IMC strategy is also applied to a continuous

fermentor, as shown in Figure 16. The dilution rate D and
the feed substrate concentration S are process inputs. Thef
dilution rate is usually selected as the manipulated variable
and the biomass B is a reasonable choice for the controlled

Ž .output Henson and Seborg, 1991 . The fermentor is de-
scribed by three nonlinear ordinary differential equations:

Ḃsy DBqV B

1
Ṡs D S yS y V BŽ .f YXrS

Ṗ sy DP q a Vq b B , 38Ž . Ž .

Figure 15. Closed-loop responses to step changes in
C at operating point C s0.12: conven-Af A

( )tional IMC design e s0.42 , multiple-
( )model-based design e s0.1 .
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Figure 16. Continuous fermentor.

where S is the substrate concentration, P is the product con-
centration, V is the specific growth rate, Y is the cell-massXrS
yield, and a and b are kinetic parameters. The specific
growth rate has the following form:

P
V 1y Sm ž /Pm

Vs 39Ž .2S
K qSqm K i

where V is the maximum specific growth rate, P is them m
product saturation constant, K is the substrate saturationm
constant, and K is the substrate inhibition constant. Nomi-i

Žnal parameters and operating conditions Henson and Se-
.borg, 1991 used for the simulations are listed in Table 2.

Ž .Suppose that the fermentor operates in the range of 5, 7 ,
three local models are constructed first, as follows:

y5s2 y2.06 sy0.21
Bs5 G s 40Ž .1 3 2s q0.47s q0.07sq0.0027

y6 sy2.19sy0.20
Bs6 G s 41Ž .2 3 2s q0.50 s q0.09sq0.0053

y7s2 y1.76 sy0.11
Bs7 G s . 42Ž .3 3 2s q0.65s q0.14 sq0.0093

Table 2. Nominal Fermentor Operating Conditions

Y 0.4 grg K 22 grLXrS i
a 2.2 grg S 20 grLf

y1 y1b 0.2 h D 0.202 h
y1V 0.48 h B 6.0 grLm

P 50 grL S 5.0 grLm
K 1.2 grL P 19.14 grLm

Figure 17. Robustness test of multiple-model-based
IMC design by Corollary 2.

The IMC controller is designed to be

1
y1QsG . 43Ž .3 e sq1

With the same performance weight given in Eq. 37 and e s
0.1, Figure 17 shows that Eq. 35 is satisfied with this IMC
design. Again, the conservativeness of Corollary 1 is verified
by Figure 18, where Eq. 16 is not satisfied with e s0.1.

It is noted, however, that the conventional IMC design will
fail by using the preceding three local models, because it is
natural to choose operating point Bs6 grL as the nominal
model, and treat the other two operating points as the per-
turbed processes. In doing so, however, the gain changes be-
tween the nominal model, and the perturbed model at Bs5
grL will be more than 100%. Consequently, the conventional

Figure 18. Robustness test of multiple-model-based
IMC design by Corollary 1.
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Figure 19. Robustness test of conventional IMC design.

ŽIMC design cannot satisfy this design requirement Morari
.and Zafiriou, 1989 .

To overcome this limitation, the following local model is
deliberately chosen so that the conventional IMC design is
feasible

y5.7718 s2 y2.1849sy0.2049
Bs5.7718 G s . 44Ž .0 3 2s q0.4841s q0.0793sq0.0045

Next, the IMC controller is designed as

1
y1QsG . 45Ž .0 e sq1

Figure 19 shows that the robustness test is satisfied with
e s0.1. Figure 20 illustrates that these two IMC designs ex-
hibit similar servo responses. Figures 21 to 23 compare the
closed-loop responses of two controllers to an unmeasured
step disturbance of y0.08 in V . Clearly, the proposed IMCm

Figure 20. Set point change responses: conventional
( )IMC e s0.1 , multiple-model-based de-
( )sign e s0.1 .

Figure 21. Closed-loop responses to step changes in
V at operating point Bs5: conventionalm

( )IMC e s0.1 , multiple-model-based de-
( )sign e s0.1 .

Figure 22. Closed-loop responses to step changes in
V at operating point Bs6: conventionalm

( )IMC e s0.1 , multiple-model-based de-
( )sign e s0.1 .

Figure 23. Closed-loop responses to step changes in
V at operating point Bs7: conventionalm

( )IMC e s0.1 , multiple-model-based de-
( )sign e s0.1 .
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Figure 24. Closed-loop responses to step changes in Ki
at operating point Bs5: conventional IMC

( )e s0.1 , multiple-model-based design
( )e s0.1 .

Figure 25. Closed-loop responses to step changes in Ki
at operating point Bs6: conventional IMC

( )e s0.1 , multiple-model-based design
( )e s0.1 .

Figure 26. Closed-loop responses to step changes in Ki
at operating point Bs7: conventional IMC

( )e s0.1 , multiple-based design e s0.1
( ).

design achieves a faster response than the conventional IMC
design. For the unmeasured step disturbance of y15.4 in K ,i
a similar conclusion is also observed in Figures 24 to 26.

Conclusions
A novel IMC design method is proposed to address the H`

performance of dynamics systems operated over a range of
operating points. The main idea is to construct a set of local
transfer-function models to represent the dynamic system
around each operating point, and then to connect the set of
local models by validity functions to form a global dynamic
model. Subsequently, the global model can be recast as an
uncertain system with bounded LTI and LTV perturbations.
An augmented m design method is used to analyze the result-
ing H` control problem. Simulation results demonstrate the
advantages of the proposed IMC design over its conventional
counterpart.

Notation
G slocal model for IMC controller designM

G sith local model of the global multiple-model systemi
Usinput variable of the system
Y slocal output variable of the systemi
d sith perturbationi
Dsblock diagonal perturbation matrix

D sfictitious uncertainty block associated with weighting functioni ˜D sdiagonal uncertainty in the augmented uncertainty block Di i
v sfrequency
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Appendix A: Proof of Theorem 1
Rearranging Eq. 5 gives

G
< < � 4y1 F l , Gg G , G , . . . , G , ;v . A1Ž .1 1 2 nGM

< <Therefore, at each frequency, the tightest bound of l is cal-1
culated by

G
< < � 4Max y1 s l , Gg G , G , . . . , G . A2Ž .1 1 2 nGG M

Similarly, Eq. 6 yields

n

g GÝ i i
is1 < <Max y1 s l . A3Ž .2Gg i M

It then can be derived that

n n

g G g G yGŽ .Ý Ýi i i i M n Giis1 is1y1 s F g y1Ý iG G GM M Mis1

n

< < < <F g l s l . A4Ž .Ý i 1 1
is1

Combining Eqs. A3 and A4 completes the proof.

Appendix B: Derivation of the Matrix M in Figure 3
From Figure 2, it can be derived that

y y
Xes y y ysG Qey ys , B1Ž .M 1yG QM

since

n n

ysG Qeq ® q0.5Q DG eq ® . B2Ž .Ý Ý1 i i p
2 2

Substituting Eq. B1 into Eq. B2 gets

n1yG QM
ys ® q ® . B3Ž .Ýn i pž /

21q G yG Qq0.5Q DGŽ . Ý1 M i
2

Therefore

n1yG Q WŽ .M p
u sW ys ® q ®Ýnp p i pž /

21q G yG Qq0.5Q DGŽ . Ý1 M i
2

B4Ž .

and

ny0.5DG Qi
u s0.5DG Qes ® q ® ,Ýni i i pž /

21q G yG Qq0.5Q DGŽ . Ý1 M i
2

is2, 3, . . . , n. B5Ž .

Finally, the matrix M in Figure 3 can be obtained from both
Eqs. B4 and B5. The proof is complete.
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